Let G be a group and let K be a commensurated subgroup of G. Then there is a totally disconnected, locally compact (t.d.l.c.) groupĜ K that contains the profinite completion of K as an open compact subgroup and also contains G (modulo the finite residual of K) as a dense subgroup. Moreover, given an arbitrary group G, then every t.d.l.c. group containing an image of G as a dense subgroup can be realised as a quotient ofĜ K for some commensurated subgroup K.
The profinite completion is a natural way of embedding a residually finite group in a profinite group. Some properties of the original group can usefully be analysed through its profinite completion, since profinite groups are well-behaved with respect to finite images, and as compact groups, they are amenable to analytic methods. (See [5] for some examples of profinite methods in group theory.) This approach can be generalised to other classes of group that may not themselves have interesting finite images, but nevertheless have a residually finite subgroup that is commensurated under conjugation, for instance SL n (Z) as a subgroup of SL n (Q). In this setting, we can obtain a relative or localised profinite completion that is a totally disconnected, locally compact (t.d.l.c.) group G, such that the image of the commensurated subgroup is dense in an open compact subgroup of G. This approach has been taken, for instance, in [4] and [6] .
The purpose of this note is to call attention to what might be considered the universal construction of this kind, in a sense that we will make precise. There are no surprises in either the statement or the proof of Theorem 1, but it does not appear to be widely known in this form. This is in sharp contrast to the special case of the profinite completion, which is by now very much a textbook construction: for instance it appears in the first chapter of [7] , and pro-C completions for a class of finite groups C feature prominently in [3] . (After writing an earlier version of this note, I was made aware of a paper by V. Belyaev that gives an equivalent construction -see [1] 
Definition 2. Let G be a topological group. The (topological) profinite completion G →Ĝ of G is the limit of the inverse system formed by the quotients G/N as N ranges over the closed normal subgroups of G of finite index. With this definition, the profinite completion is stable in the sense thatĜ ∼ =Ĝ for any topological group G. The image of the profinite completion is dense and the kernel is the intersection of all closed subgroups of G of finite index.
Two subgroups H and K of G are commensurate if H ∩ K has finite index in both H and K. The commensurator Comm G (K) of K in G is the set of elements g ∈ G such that gKg −1 is commensurate with K. Note that Comm G (K) is a subgroup of G (although in general it is not closed even if K is closed: see for instance [2] ). Also, notice that if H is a subgroup of G and g ∈ G is such that g commensurates both H and K, then g commensurates H ∩ K (since the commensurability class of H ∩ K is determined by the commensurability classes of H and K).
In the more general case of a topological group G and a closed subgroup K of G that is not necessarily commensurated by G, we define the localised profinite completion of G at K to be the localised profinite completion of H at K, where H is the commensurator of K in G equipped with the subspace topology, and writeĜ K :=Ĥ K .
Here are some observations on the localised profinite completion, all of which will follow easily from the proof of Theorem 1. 
Corollary 3. Let G be a topological group, let K be a closed subgroup of G and let θ be the localised profinite completion of
(ii) Let H be a subgroup of Comm G (K) that contains K. Then the map from H toH induced by θ is the localised profinite completion of H at K.
(iii) The induced map from K toK is the profinite completion of K. In particular
(iv) The kernel of θ is the intersection of all closed subgroups of K of finite index.
(
vi) The homomorphism θ is continuous if and only if K is open in G.
(vii) Suppose that G is discrete and K is a commensurated subgroup of G; let R be the core ofK inĜ K . Let G//K and τ G,K : G → G//K be as defined in [6] . Then there is a topological quotient homomorphism η :
(viii) Suppose that G is a t.d.l.c. group and K is a profinite subgroup of G. Then θ(K)
is closed inĜ K and θ is an isomorphism of abstract groups such that θ −1 is continuous. In this case we haveĜ [2] . In particular, if K is open then the localised profinite completion of G at K is an isomorphism of topological groups.
Definition 4. Let G be a topological group and let K be a subgroup of G. Let F(K) be the set of closed subgroups of K of finite index. A filter of G is a set of subsets of G such that
Note that every set Σ of subsets of G is contained in a unique smallest filter, which we call the filter generated by Σ. Let f be a filter of G. Say f is proper if ∅ ∈ f . Say f left Cauchy relative to K if f is proper and for every N ∈ F(K), f contains some (and hence exactly one) left coset of N , and f is generated as a filter by left cosets of elements of F(K). Two proper filters f and f ′ are left equivalent relative to K if their intersection is left Cauchy relative to K. The definitions of 'right Cauchy relative to K' and 'right equivalent relative to K' are analogous, with right cosets in place of left cosets. We say f is Cauchy relative to K if it is both left and right Cauchy relative to K, and say f 1 and f 2 are equivalent relative to K if they are both left and right equivalent. In particular, any principal filter of G, that is, the filter f g consisting of all subsets of G containing g for some fixed g ∈ G, is Cauchy.
Write CF(G, K) for the set of Cauchy filters of G relative to K, modulo equivalence relative to K. In essence, an equivalence class of Cauchy filters relative to K is just a consistent choice of left and right cosets of elements of F(K). To avoid over-complicating the notation, we will tacitly take representatives and simply regard elements of CF(G, K) as being filters of G when there is no ambiguity in doing so. For instance, if f is an element of CF(G, K), the statement 'f contains gK' should be understood to mean that gK is an element of some (equivalently, every) representative of f .
Lemma 5. Let G be a group and let K be a subgroup of G. Suppose that gKg −1 is commensurate with K for all g ∈ G. Let N be a subgroup of K of finite index and let g ∈ G. Then there is a subgroup M of N , such that M is an intersection of finitely many conjugates of N , and such that for all h ∈ G, the set gN ∩ N h is a union of left cosets of M .
Then for all h ∈ G we have R(gN ∩ N h) = gN ∩ N h, so gN ∩ N h is a union of right cosets of R in G. Now the right cosets of R in G that are subsets of gN are exactly those of the form Rtg for t ∈ gN g −1 ; since R has finite index in gN g −1 , only finitely many such right cosets of R exist. Hence the set {gN ∩ N h | h ∈ G} is finite: let h 1 , . . . , h n ∈ G be such that Proof. For this proof, the Cauchy property and equivalence are understood to be relative to K. Suppose f is left Cauchy and let N ∈ F(K). Then f contains some left coset gN of N . Thus by Lemma 5 there is a subgroup M of N , such that M is an intersection of finitely many conjugates of N , so in particular M is a closed subgroup of K of finite index, and such that for all h ∈ G, the set gN ∩ N h is a union of left cosets of M . Thus the partition {hM | h ∈ gN } of gN is a subdivision of the partition {gN ∩ N h | h ∈ H}. Since f is left Cauchy, there is some left coset kM of M contained in f , and since ∅ ∈ f we have kM ⊆ gN . Hence kM ⊆ gN ∩ N h ⊆ N h for some h ∈ G, so N h ∈ f . As N was an arbitrary element of F(K), we conclude that f is right Cauchy. The converse holds by symmetry.
Let f 1 and f 2 be proper filters of H. Then f 1 ∩ f 2 is left Cauchy if and only if it is right Cauchy, and so f 1 and f 2 are left equivalent if and only if they are right equivalent.
Proof of Theorem 1. We constructĜ K and θ as follows:
The underlying set ofĜ K is CF (G, K) . The function θ : G →Ĝ K is given by setting θ(g) to be the equivalence class of the principal filter generated by g.
It is clear that the binary operation we have defined onĜ K extends the operation on θ(G) induced by multiplication in G and that f θ(1) = θ(1)f = f for all f ∈Ĝ K . (From now on we will write 1 in place of θ (1) if there is no danger of ambiguity.) Given f ∈Ĝ K , we obtain f −1 as the equivalence class of the filter generated by {N h −1 | N ∈ F(K), h ∈ H, hN ∈ f }; it is easily seen that f −1 is well-defined and that f f −1 = f −1 f = 1. Finally, multiplication is associative: given f 1 , f 2 , f 3 ∈Ĝ K , the products (f 1 f 2 )f 3 and f 1 (f 2 f 3 ) are both characterised as being the element f such that, for all A i ∈ f i , all N ∈ F(K) and all g ∈ G, if A 1 A 2 A 3 ⊆ gN then gN ∈ f . SoĜ K is a group and θ is a homomorphism.
We claim that B is a base for a group topology ofĜ K . It suffices to show that the preimage P of B(gN ) under the map (x, y) → xy −1 is a union of basic open sets in the product topology. Indeed, we have the following:
which is a union of basic open sets since gN h and N h −1 can both be decomposed into left cosets of elements of F(K) using Lemma 5. Every basic open set contains θ(g) for some g ∈ G, so θ has dense image. Basic open sets are in fact clopen, since {B(gN ) | g ∈ G} is a partition of |Ĝ K for any g ∈ G and N ∈ F(K). Indeed, we see that B(gN ) = θ(gN ) for any g ∈ G and N ∈ F(K), and also that θ −1 (θ(gN )) = gN .
Observe that there is a natural map α from θ(K) toK: given a closed normal subgroup N of K of finite index and f ∈ θ(K), we set the G/N -entry of α(f ) to be the unique element gN of G/N such that gN ∈ f . Since every closed subgroup of K of finite index contains a closed normal subgroup of K of finite index, it can easily be seen that α is an isomorphism of topological groups. Now θ| K is the continuous map ια −1 π, where π : K →K is the profinite completion of K and ι is the inclusion map of θ(K) intoĜ K . Now we must show that property (ii) holds. Let R and φ be as given and let L = φ(K).
Consider first1 = {φ(N ) | N ∈ F(K)}. By continuity of θ| K we see that every closed subgroup P of L of finite index contains φ(N ) for some N ∈ F(K), namely N = φ −1 (P ) ∩ K. Since L is profinite, this ensures that1 is the trivial group. For general f we conclude that |f | ≤ 1 by the construction off as an intersection of cosets; sincef is the intersection of compact sets, any finite intersection of which is non-empty, in fact |f | = 1. We define ψ :Ĝ K → R by setting ψ(f ) to be the unique element off ; it is clear that ψ is a homomorphism and that φ = ψθ. To see that ψ is continuous, it suffices to consider the base of neighbourhoods of the identity in R consisting of open subgroups P of L; in this case ψ −1 (P ) is a union of cosets of the open subgroup B(φ −1 (P ) ∩ K) of G K . The equation φ = ψθ determines the restriction of ψ to θ(G) and hence determines φ uniquely as a continuous map, since θ(G) is dense inĜ K .
A standard universal property argument shows that θ is essentially unique. Suppose that φ : G → R is another localised profinite completion. Then φ| K is continuous and φ(K) is profinite by property (i), so by property (ii) there is a continuous homomorphism ψ :Ĝ K → R such that φ = ψθ. Similarly there is a continuous homomorphism υ : R → G K such that θ = υφ = υψθ. By property (ii), in fact υψ is the unique continuous endomorphism η ofĜ K such that θ = ηθ, so υψ = idĜ K . Similarly ψυ = id R , so υ and ψ are mutually inverse isomorphisms of topological groups.
